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On the Analytical Solution of the Ornstein-Zernike 
Equation with Yukawa Closure 
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We discuss the solution of the Ornstein-Zernike equation for most general 
closure consisting of a sum of M Yukawa-type exponentials. A formal solution 
for the factored case is bound for an arbitrary mixture of hard spheres intro- 
ducing a general scaling matrix F of dimensions M x M. A sufficient number of 
equations for this matrix is obtained from symmetry considerations and the 
boundary condition. We discuss also restricted and semirestricted case, for 
which explicit solutions in terms of the scaling parameters and input parameters 
are found. 
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1. I N T R O D U C T I O N  

Analytical solutions of equations for fluid mixtures are necessary to study 
phase transitions. Since the early work of Lebowitz, (I) much progress has 
been achieved. In particular, the solution of the Yukawa closure of the 
Ornstein-Zernike (OZ) equation by Waisman ~2) has made possible a 
number of extensions and generalizations to rather general closures of 
arbitrary mixtures of spherical objects. (3.m There has been a number of 
very interesting calculations using these solutions. ~13 161 

The solution of the general closure of the hard-core OZ equation 

M 

co(r)= ~ K~'~e z~r/r (1) 
n = l  
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was discussed in earlier publications. (7-9~ Considerable simplifications were 
achieved by Ginoza, who also discussed an interesting solvable case for the 
arbitrary polydisperse mixture of hard spheres. (1~ If 

K ~ ' ) =  K( ' l  d}')  d) ") (2) 

then a full solution of the Yukawa closure can be found for the case M = 1, 
in terms of a scaling parameter F. Much more manageable equations are 
obtained for the more general case. 

In our work we give the general solution of the polydisperse case with 
M arbitrary. The solution in much more complex than the single Yukawa 
case because now it is necessary to introduce a scaling matrix F, and the 
normal boundary conditions have to be supplemented by symmetry 
relations to achieve a full solution. In the last section we discuss the 
semirestricted case in which subsets of components satisfy electroneutrality 
relations of the type 

~d}n)pia~=O, t=O, 1, 2 .... (3) 
i 

where pi is the number density and a~ is the diameter of species i. The 
sum is over arbitrary subsets of component of the mixture. For this semi- 
restricted case we obtain a full and explicit solution. 

2. B A S I C  F O R M A L I S M  

We study the Ornstein-Zernike (OZ) equation 

h0(12 ) = c~(12) + ~' f d3 hik(13) pkckj(32) 
k 

(4) 

where h0(12 ) is the molecular total correlation function and %(12) is 
the molecular direct correlation function, Pi is the number density of the 
molecules i, and i =  1, 2 is the position ri, r12 = Ir l-r21,  and cr~ is the 
distance of closest approach of two particles i, j. The direct correlation 
function is 

M 

Z (., . . . .  
K~ e /r, r > aij (5) 

n = l  

and the pair correlation function is 

h o ( r ) = g i j ( r  ) - 1 = - 1 ,  r<~a o (6) 
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We use the Baxter-Wertheim (18"t9) (BW) factorization of the OZ 
equation 

[ I  --  p IT I (k ) ]  [ I  - p (~ ( k ) ]  = i (7) 

where I is the identity matrix, and we have used the notation 

A(k) = 2 dr cos(kr) J(r)  (8) 

{'O(3 

~(k)  = 2 Jo dr cos(kr) $(r)  (9) 

The matrices J and S have matrix elements 

Jij(r) = 2~ fr ~ ds sho(s) 

Sij(r) = 2~ fr ~ ds sc~(s) 

[I- p C(k)] = El- pQ(k)] El- pQV(k)] 

(lO) 

(11) 

(12) 

where ~ l r ( - k )  is the complex conjugate and transpose of (l(k). The first 
matrix is nonsingular in the upper half complex k plane, while the second 
is nonsingular in the lower half complex k plane. 

It can be shown that the factored correlation functions must be of the 
form 

Loo 
~ ( k ) = l - p  dr e'k'~l(r) 

4i 

(13) 

where we used the following definition: 

1 

S(r) = Q(r) - [ dr1 Q(r~) p Qr(r  1 - r) 
d 

(14) 

(15) 

Similarly, from Eqs. (12) and (7) we get, using the analytical proper- 
ties of Q and Cauchy's theorem, 

J ( r ) = Q ( r ) + j  dr 1 J ( r - r l )  pQ(r l )  (16)  



252 Blum et  al.  

The general solution is discussed in refs. 8 and 10, and yields 

M 

qij(r) = q~ + ~ Dij(')e ~ ,  2ji < r (17) 
n = l  

q~ = (1/2) Aj [(r - -  o - j / 2 )  2 - -  (a]2) 2 ] + flj [(r - -  ( 7 / 2 )  - (a j2 ) ]  
M 

+ Z C(iy")e-~'~ e ~'(~-~'/:)--e .... /23, 
n - - 1  

The solution of this system of equations leads to 

2u 
flj=-~ aj + ~ E #~') (19) 

n 

and 

Furthermore, 
Eq. (16), 

]r <aij (18) 

Aj= 7 + 

the coefficients of all the exponentials must satisfy 

C~"+ D,~{" = E ~,(')n") (21) [ i k  ~ k j  
k 

We have used 

k 

A=l--TZ~3/6 

7!V)= 2n~(zn)pj /z .  /j 

#(-) = ~ ~ (-) j pkCk(z,)Dkj e . . . .  kj 
k 

M) ")= E pkCM(z.) O(k7 )e ~..k, 
k 

= f o  dr rgo.(r)e ,r ~,j(S) 

C f ( z . )  = E 2 z.~k, (.) a t e Ykl ZnatOl(Z. at) + 
l 

l 

1 + z .  o-k/2 
2 

Z n 

1 + z .  ak 

Z n 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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with 

~l(x) = [1 - x/2 - (1 + x / 2 ) e  ~]/x 3 (30) 

~bl(x ) = (1 - x -  e X)/x2 (31) 

~bo(X) = (1 - e X)/x (32) 

The following relation is useful: 

x2~,,(x) = - 1  + (1 + x /2)  @o(X) (33) 

Some quantities will be of interest: 

qo (2ji) = --Girl j § ~ (m) (m) Zm}, fl - �9 [(C~ + O U )e _ C(i]n)e-~m~,] (34) 
m 

which can be expressed as 

q~(2j~) = - f f  iff j ~ - ~m F~m) (35) 

where we have defined the convenient quantity 

(.,~ 2rt (m) (m) (m) --Zm).ji (rn) --~oj, (36) F~j = - ~ - a ~ y j  - ( C  o . + D  o �9 )e + C ~  e 

o r  

F~m)__27z a , (m) (m) (m) + D~m)e .... ']e z~#, (37) - A " ~ j  - [ ( C ; j  + D ; j  )(1-e . . . .  ) 

Because of the symmetry of the direct correlation function, we require 
from Eq. (15) 

qij (}~ji) = qji (,)~ij) 

which implies that F~Y ) must satisfy the symmetry relation 

F(m) -- F ( m )  ij -- * ji 

Using the relations (25) and (26), we verify 

M)m) '~- lAJm)<Zm'2#~2)  -!~ J 

(38) 

(39) 

(40) 
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with 

5P) ' ' )= E P,a,F~ ml (41) 
l 

We change Eq. (20) to 

~ r,~(~ _ 2zm#~ m)] A ; = A ~  ~ - - ;  (42) 

where 

A ~ = 1 + ~ ~2 ~ aj (43) 

We obtain the contact pair correlation function from the discontinuity of 
the first derivative of the factor function qu(r), Eq. (17): 

M 
(0) _ , - , + Yo =2"aaugo(ae)=qe(aji ) -qu (aJ  i )= Aj(ai/2)+ f l j -  ~ ZmC!m)e--v -- . . . .  

m = l  

(44) 

Using the continuity relation (6'24) 

and 

q~(2ji) + qj.,(2e)= - ~  pkqo.(2k,) qu(2kj) 
k 

(45) 

M 

qe(Zj~)' = --Aj(a]2) + f l j -  ~ zm(C e(m) + Dv(m))e- z,o#, (46) 
m = l  

we get the following relation for the contact pair distribution function: 

P ( r n )  ~7(n)]  2zcaege(au) -2naug~ [zm(rb m) +F)~ "1) -- Z p~-~j --k, j (47) 
- 2  ,, k., 

where g~ is the contact pair distribution of the hard-sphere reference 
system. 

From Eq. (16) we can show that the Laplace transform of the pair 
correlation function must satisfy the consistency relation 

2~ ~ ~,i,(z.)[(5 e -  plOj~(izn) ] = gt~ (izn) (48) 
l 
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where 

f~ o rnr o r ' 
~ ~  = d r  e [-q~( )3 

= 1 " 4 - - -  A j + z  n 2 - -  
Zn Zn ..~ Zm - - - l j  

The Laplace transform of Eqs. (17) and (18) yields 

ezn)qi~ij( iZn) = f f ~ t l ( Z n G i ) A  j q" ~ 2 ~ ) l ( Z n G i ) ~ j  

1 
~m - -  (m) (m) - ~,~#, _ C!,Y) e--  Zm(rji + z.+zm [(CU +D'j )e -v  

- -  ZmZn (T ir Zn (T i) C!m) e --'~J' ] (50) , ry 

Using Eq. (44), we get 

q~ A j + z .  v!  ~ + z . ~  z . . . . .  e 'JC/j(m) (51) 
." td m Z n "Jl- Z m 

After some lengthy but straightforward algebra we find the following 
simplification of the result of Ginoza(~~ 

H ( i j H ) ~ m ~ t  e Zm~tj 
Z n JI- Z m 

where 

and 

- -  D(m)  E r, F~ O ( n ) O ( m )  - -  o (m)F[ (n )  .4- o ( n ) / - T ( m ) q  

l 

27/; " ' 6 
~'20 .(rn) ---- C ~ ( z m )  --,4 Pi~7--] 7!m)Zm~YjOO(ZmGJ J ')ezra aij __ 5 i  j 

(52) 

(53) 

Ho - ~ -  Pi 1 +  + v!m)7 a ~m~-  rc -Jr - -m--  2A f f J 2  F l U l  ~'r O (  m)il (54) 
l 

Notice that 
F(ij m) = Z., • "'litO(m) /3(m)~ /j ~ Zmaj~ ( 5 5 )  

l 

and also that H,~ ") and f2~ m) are functions of the same set of parameters, 
and therefore 

(m) r .] F / ! r n )  5ij~-ff2ij ~ - f f j ~ ) O ( Z m ~ j , - - U  

__ A C ~ ( z r n  ) P i Z r n G j l / l l ( Z m G j  ) 2  3 _~ (7200(Zrn f f j )  E Plal f f21~ n) 
l 

(56) 

822,,'66/1-2-17 
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The MSA closure condition (5) yields 

2~zK~m/z. = ~ DI~)[ 6 o - p,(t~,( izn) ] (57) 
l 

This expression can be combined with (48) to obtain an expression for the 
excess MSA energy due to the interaction n 

~jt ~'u = plDi t  qjt(zzn) (58) 
l 

Equations (52) and (58) are the full solution of the general problem, since 
we have a set of algebraic equations for 7 !re)J, as a function of K~m): We 

(m) must, however, first solve Eq. (52) for the unknown D,j . 

3. F A C T O R E D  I N T E R A C T I O N :  G E N E R A L  C A S E  

As was observed by Ginoza, ~176 when the interaction is of the form 

K!~ ') = K(") d}')  d)") (59) / j  

then the solution simplifies considerably. Let us first define the energy 
parameter (9} 

Bj~.") = Z (") ("~ (60) z n d i  7 j i  
i 

Then, from Cauehy's theorem and Eq. (15), we get 

D i j(n) _- _d}n) a~n) eZ, aj/2 (61) 

Furthmore, from Eq. (21) we get 

(n) __ (n) ( . )  (") zn~ (62) C o. - ( d  i - B  i / zn )a j  e 

After much algebra we find ~176  

2 ~ ,  (~ _ a(~)A(.) (63) ~ - / x j  - -  j 

where 
%r 

A(,,)= - " ~  C~(zn)  d},,)e . . . . .  /2 
A , 

From Eq. (35) we obtain 

(64) 

(n )_  ~") (") (65)  Fij - X i aj 
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where we have defined 

X}  ") = -  ~. [2 ,~(~) d, (~) e . . . . . .  .'2 
t 

= d}~)e ~,,~/2 + a~Bl~)e=..d2~o(Z n O.i) + qi A (n) 

The contact pair correlation function (44) becomes 

2~zao. gu (a~j) = 2recto gO.(~r o) + ~ .(H!~), _ ~" ~,v(n)*"(")J"j 
n 

where we have defined [see Eq. (54)] 

H~n) = E (n) (n) Znfft/2 H u d, e 
t 

l 

Equation (54) now becomes 

(66) 

(67) 

(68) 

E l l ( n ) r  y ( n ) • ( n )  - ,  ~;, = ~ "" l ~;t - d}")e =~ (70) 
l l 

j ( , , )  = 6jtajr 2~ J' - U (71) 

and 

J j , - 6 j , + a j O o ( Z , , a j ) ~ - ~ p , d , - - - ~  = _ az+--~--J (72) 

This equation can be written in the form 

a j )o (Zna f l  H j . ) _  X ) . )  + d}~>e . . . . .  /2 

2 3 ~ 2 = z , , ~ j O , ( z , , ~ j ) A ( " ) + ~ ) r  (73) 
l 

where 

For any given value of n the parameter H! "),j X) ") are related to each 
other, since they are only functions of the external parameters and B~ "). 
From Eqs. (66) and (68) we have 

1 - -  H)(n) _ ~ a ! m )  

-- zo+Zm ' 

V x } m ) H ~ ' ) -  X } ~ H I  < ] (69) 
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The closure condition (57) is 

2~zK(~) dj ("~ --e- z"aJ2 q- E ~a(n) ~ jl 
Zn l 

- -  ~ ~ / ,  ] J e r k  " k  I l l ,  a~j l  ~a. l - -  "~m'~" l ) - -  ~ ' j l  xx I i = 0 
Z n - ~  Zm " k / t -  l J 

(74) 

A different closure is obtained from Eq. (58), 

(n) (n) ez"'TJ/2 
2~K Bj 

Zn 

_ 2~ X-',~ ,~(n) l+Z-Crt+~t  

l 

- -  ~m ~/-a ]akt~k ~ k  I 
Z n ~ - Z m \ k  / 

• ' + Z  (75) 

where p(,,o is defined by 

Zm l 

= E f l l ~ l X } m ) - -  ~- Zmz~(m) (76) 
l 7~ 

A full solution of the multi-Yukawa, multicomponent mixture requires 
the introduction of a scaling parameter. The most convenient scaling 
relation is obtained from Eq. (69), 

*K/In)= -- E FmnX[  m) (77) 
m 

where Finn is an M x M matrix of scaling parameters. From the symmetry 
of the direct correlation function at the origin, Eqs. (35) and (65), we have 

qu()oj,) = qj,(2,s) 

(n) (,,) X-) a~ (78) 
n n 
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which implies that 

al ")= 2 A,,,X} m) 
m 

and also that there are M ( M -  1)/2 symmetry relations 

Am, = A,m 

the symmetry of the contact pair correlation From 
we get 

259 

(79) 

(80) 

function (44) 

g,j (G,j) = gji(cr,j) 

y ( / / ! - )  (,,) (.) (.) (.) (.) - z . x ,  )aj = 2  (81) , (H) - z . X j  )a i 
n n 

from which we get the scaling relation 

Hi ")-  z,X~ ")= E rm, a} ") (82) 
m 

and a new set of M ( M -  1)/2 symmetry relations 

L..= )~.m (83) 

The three scaling matrices F, A, and Y are related to each other. From 
Eqs. (77), (80), and (82) we get by substitution 

- ( F + z .  I ) = Y ' A  (84) 

where z is a diagonal matrix of elements z,, and I is the unit matrix. 
Furthermore, using the scaling relations and Eq. (69) we get 

M .  A = r (85) 

where the matrix ~1 has elements 

1 
[1Vl]m, - - -  ~ p;[ZmXf')X} m) + ~.,v(m)rT(')--..; Xf')H} m)] (86) 

Z n q - Z m  l 

Solving these equations yields 

[~ I . F = A  (87) 

and 

- ( l + z - r  ' ) .M=Y (88) 
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and 

The symmetry requirements are then 

~-~.F=F~. [M-,]~ (89) 

( l + z . F  1 ) . IVI=I ( / I r . ( I+EF ' ] r ' z )  (90) 

where the superscript T indicates that the transpose of the matrix is taken. 
We have therefore a total of M ( M -  1) symmetry relations, which together 
with the M closure equations (74) or (75) gives the required equations for 
the M 2 elements of the matrix F. 

4. T H E  S E M I R E S T R I C T E D  CASE 

In spite of simplifications of the last section, the solution of the 
numerical equations for the factored interaction case is still complicated. As 
is the case for ionic syst.ems, ~2~29) a much simpler set of equations is 
obtained when an electroneutrality relation is satisfied. If we also assume 
that all the moments of the diameters are zero 

~d}")pi~r~=O, t = 0 ,  1, 2 .... 
i 

then one can show that p(m) and A ('~) are also zero. We remark that this 
does not imply necessarily that all the ions should be of the same size, but 
that subsets of ions of equal size are neutral. 

From Eq. (73) we get now 

aj(ko(Zn ~rj) 17~ "~ - X)  ") + d)"~e - z,~j/2 = 0 (91) 

From Eq. (68) we find 

H~ "~= Bj(-") ez" we (92) 

and from Eq. (66) 

X) n) = d (n) e-znaj/2 '~ GjB(n) eznaj/2 ~O(ZnO'j) (93) 

Using the scaling relation (77i, we obtain from Eq. (91) 

E [(~mn + ~j~)o(Znaj)frnn]X) m)= d) ")e-z"~ (94) 
m 

which yields an explicit (actually as explicit as possible!) expression for 
X) '') in terms of the scaling parameter matrix F. Similarly, we can write the 
matrix 

1 
[[Vl]mn--zn ~_ Z--""~n E (Zm(~mqtSpn-- VpntSmq"}- rqrn(~pn)'Opq (95) 

P,q 
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with 

Dpq = Z P lX}P)X}  ql (96) 
l 

which, because of Eq. (94), is also an explicit  funct ion of  F. 
In  the semires t r ic ted  case the closure re la t ions  are, f rom Eq. (75), 

27t K(=)H~,, ) ~m 1 { y '  ,~ ,,(=),~(m,'~ (H(ml zmXJm)) (97) 

and  f rom the scaling we get 

Z K(n)Fnp + - -  " = 
p L n Zn AV Zm /'k b'kUk ~k ; 

which is a homogeneous  system of equa t ions  for X (p) It  has a nont r iv ia l  .]  �9 

solu t ion  only when the de t e rminan t  of  the mat r ix  enclosed by the square  

bracke ts  is zero. Thus  there are M closure condi t ions  ar is ing f rom this con- 
dit ion.  This  is the genera l iza t ion  to the mu l t i -Yukawa  formula,  l~ 
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